The Lorentzian Hamiltonian constraint is solved for isotropic loop quantum cosmology coupled to a massless scalar field. As in the Euclidean case, the discreteness of quantum geometry removes the classical singularity from the quantum Friedmann models. In spite of the absence of the classical singularity, a modified DeWitt initial condition is incompatible with a late-time smooth behavior. Further, the smooth behavior is recovered only for positive or negatives times but not both. An important feature, which is shared with the Euclidean case, is a minimal initial energy of the order of the Planck energy required for the system to evolve dynamically. By forming wave packets of the matter field an explicit evolution in terms of an internal time is obtained.
Introduction
The recent paper [1] reports on a quantization of a Euclidean cosmology in which a massless scalar field was coupled to a spatially flat FriedmannRobertson-Walker model. Set in the framework of isotropic loop quantum gravity (ILQC) [2] , this model describes cosmological evolution in terms of a discrete time. This discreteness is a direct consequence of the kinematics of loop quantum gravity which predicts that geometric quantities such as area [4, 7, 8] , volume [4, 5, 6, 9, 10] , and angle [11] have a discrete spectrum. In [2] the Hamiltonian constraint of quantum gravity, expressed in a discrete basis of volume eigenfunctions, and the matter Hamiltonian act on the state function of the coupled system. This model avoids the classical singularity. Due to the quantization of the inverse scale factor of the Friedmann model [13] the total Hamiltonian constraint vanishes at the classical singularity. At small values of the volume the wave function displays a distinct discrete behavior. Nevertheless as the volume of the model grows, the wave function approaches a continuous function which is a solution of the asymptotic Wheeler -DeWitt differential equation. The wave function thereby meets the semi-classicality requirements of quantum cosmology [12] .
In the present paper we investigate the Lorentzian Hamiltonian constraint for the same massless scalar field model which is constructed along the prescriptions of the general theory [21] , as it was introduced in [2] . In the spatially flat Friedmann model, however, the classical full Lorentzian constraint is proportional to the Euclidean one, so there is a quantum ambiguity and one can, as in recent work [22] , alternatively consider the Euclidean constraint operator proportional to the full one. In the semiclassical regime the results of both versions converge. The choice in this paper is closer to the full theory of quantum geometry [21] .
We concentrate on three aspects of the ILQC framework. First, the Hamiltonian constraint at early times leads to a consistency relation for initial data -the "dynamical initial conditions" of [20] . Although the Lorentzian constraint is higher order than the Euclidean constraint, we find the same relation in the model. Second, to select an essentially unique solution one may require late time solutions to be smooth. In such a "pre-classical" [20] state the wave function at late times does not vary strongly on short intervals. We find that this criteria again selects an essentially unique solution. However, in contrast with the Euclidean model evolution backwards to negative time destroys the pre-classical condition. Third, an unexpected feature and, at the same time the main result of [1] , is the occurrence of a threshold for dynamical evolution of the model. For the wave function to have a dynamical interpretation with respect to an internal time there is a minimal energy on the order of the Planck energy, concentrated initially in a volume of the size of a Planck volume. Scalar field quantum cosmology was first considered by Blyth and Isham [3] . Canonically quantizing the reduced model, they explored the dynamics for several choices of time. The current work is in sharp contrast to this older work in that the discreteness of ILQG manifests itself in early times and completely changes the status of initial conditions of the cosmological model.
As we are dealing with a generalization of the framework of [1] in section 2 we present the prerequisites very briefly . In section 3 the discrete Hamiltonian constraint is solved numerically and the solutions are discussed. In section 4 the asymptotic Wheeler -DeWitt equation and its solutions are constructed and compared with the Euclidean case. In section 5 an essentially unique wave function with a sufficiently smooth late time behavior to represent a classical universe, is singled out from the general solution of the Hamiltonian constraint. Section 6 contains a study of possible wave packets in the scalar field and their classical interpretation.
Prelimaries: Loop Quantum Cosmology
We start with a quantization of the spatially flat Friedmann-RobertsonWalker model with a scalar field as matter source. The metric
represents a homogenous, isotropic model with one dynamical degree of freedom, represented, for example, by the scale factor a(t) and its canonically conjugate momentum. In the framework of loop quantum gravity, applied to isotropic models [2] , the metric variable a(t) is replaced by a triad variable p. This triad variable can assume both signs according to the two possible orientations of a triad. By defining
the domain of a now extends to negative values. The conjugate momentum is c = 1 2ȧ .
Isotropic loop quantum cosmology [2] yields a discrete basis |n of volume eigenstates,
where the integers n label discrete values of p (or the scale factor)
In this basis the inverse scale factor operator, which is constructed independently from a, is also diagonal [12] ,
This, in contrast to the inverse of the scale factor operator, is a densely defined operator on the Hilbert space spanned by the basis {|n }.
For the purposes of evaluating the Hamiltonian constraint the most important feature of this construction is that the eigenvalue zero of the volume is threefold degenerate, as can be seen from (3), it vanishes in |0 and in | ± 1 , whereas the eigenvalue of |a| −1 is zero only on |0 . The latter state assumes the role analogous to the classical singularity a = 0. The vanishing of the inverse scale factor is a pure quantum feature, in sharp contrast to the divergence of the classical a −1 for a = 0. An arbitrary state |s of the cosmological model can be expressed as
In the ILQC framework the full Lorentzian Hamiltonian constraintĤ|s = 0 assumes the form of a difference equation for the coefficients s n [2] 3(γκl
Thanks to the sign factors the coefficient s 0 of the singular state drops out and can be set equal to zero. In this sense the model based on loop quantum gravity is singularity-free.
The k's, coming from the extrinsic curvature contribution to the "kinetic" term of the Hamiltonian, have the following expressions in terms of volume eigenvalues
and
|n+3|−1 (9) and are subject to the identities (10) and k
These identities make only one kind of k's necessary; we choose k + . The model under consideration includes a massless scalar field φ. Its classically Hamiltonian in the Friedmann-Robertson-Walker metric is
which is the energy operator per unit coordinate volume. Here the quantization of |a| −1 (5) is crucial for it renders the classical Hamiltonian finite when a = 0. In the total HamiltonianĤ φ couples with a sign factor sgn(n) to the gravitational part.
As in [1] we assume the states of the coupled system are of the form
where the dependence on φ is contained in the coefficients s n of the quantum geometry basis vectors |n . In our calculations we assume that the φ-dependence of the state vector is given by an eigenfunction χ of the matter Hamiltonian, characterized by ω,
As we see in the next section, this ansatz results in a finite difference equation for the model.
The Hamiltonian constraint equation
The difference equation resulting from the Hamiltonian constraint (7) is of order 16 so that the naive expectation is that the solution should contain 16 free parameters. The solution decomposes into four independent series of coefficients, namelyš 4m+i , i = 0, . . . , 3, m ∈ Z, with four free parameters each. In the series with i = 0š 0 drops out, because its coefficient in the gravitational hamiltonian contains sgn(0) andĤ φ (0) is the zero operator by virtue of its construction in terms of |a| −1 [2, 14] . So, for example, for n = 8, the Hamiltonian constraint (7) with the matter Hamiltonian, does not relate s 0 to s 4 , . . . , s 16 , but instead gives a consistency condition for s 4 , . . . , s 16 , reducing the number of free parameters from four to three. This i = 0 series is considered as fundamental. By applying the "pre-classicality condition" at late times we are able to pick out essentially unique solutions to the other series. The idea is that, with the fundamental series, the other three series are selected by smooth interpolation. Thus, the 16 free parameters are reduced to 3.
To facilitate the handling of the difference equation we simplify it by introducing rescaled coefficients
and use the abbreviation β := 1 4
To avoid confusion, we remind the reader that s n denote the full coefficients, s n the φ-independent parts and t n the rescaledš n used for solving the Hamiltonian constraint
The sign factor in front of the matter Hamiltonian as well as the signs in (7) give rise to a relative sign between the two (classically disjoint) sectors with p > 0 and p < 0 (see [2] ). They render the above constraint equation time symmetric, providedĤ φ (n) =Ĥ φ (−n). For the moment, we consider only positive values of n. By inserting n = 8 into the total Hamiltonian constraint equation (Ĥ + H φ ) s n (φ)|s = 0 we obtain t 16 in terms of t 4 , t 8 and t 12 ,
(This is the above-mentioned consistency condition.) The general form of the difference equation for n ≥ 12 is
Equation (19) is complicated enough (the worst complications are hidden in the k's) so that numerical methods are useful. In figure 1 we plot the numerical solution for the initial conditions t 4 = 1, t 8 = t 12 = 0 and a parameter ω such that (19) with initial values t 4 = 1, t 8 = t 12 = 0, γ = 0.13, and m = 4n so that 0 ≤ n ≤ 800. The pointsš m of the wave function are connected by lines to clearly display the oscillatory character.
The continuum limit
The physical implications of the Lorentzian Hamiltonian constraint can be deduced without a detailed solution of (19) , but from the asymptotic smooth mean-value functions, which are approximated for large values of n (or the volume). These functions are solutions of a Wheeler-DeWitt differential equation, which can be derived from (19) as continuum limit. To distinguish between discrete and continuous quantities we return the continuous variable p, whose relation to n is given by (1).
We also need some asymptotic expansions:
Assuming the φ-dependence to be given by the function χ ω (φ) of equation (14), we rewrite the Hamiltonian constraint (19) in the form
so that we have two kinds of differences on the left-hand side, differences of products of t's by k's and differences of t's alone. In the continuous limit for large n the later ones are second derivatives with respect to p. Thanks to the fact that the k's are, to order 1/n 2 , equal to one, the former differences are also approximated by the second derivative in leading order. Hence the continuous limit of the left-hand side becomes
2 t(p) dp 2 .
in which we write the asymptotic form of t n as t(p). (For the moment we pretend that n is continuous.) Together with the leading term of the righthand side this gives a Cauchy-Euler equation of order 2
with the solutions
where Ω is given by
From this solution we may construct the continuous limit s ω (p, φ) of s n (φ) from the relation s n (φ) = t n /(V n/2 − V n/2−1 ) χ ω (φ)
The continuous limit of the wave function is thus the same as in the Euclidean case [1] . The same is true for the existence of the critical value ω crit = l 2 P / √ 3κ. The behavior of the wave function is crucially different according to the value of ω. The wave function only displays the asymptotic oscillatory behavior when ω > ω crit . The value ω crit corresponds to a threshold value of an initial energy of the order of the Planck energy, concentrated in a volume of the order l 3 P at the classical singularity (see [1] ).
2 Only if such an amount of energy or more is present, dynamical evolution of the model is possible. Figure 2 shows the approximation of an asymptotic wave function of the type (27) by a solution of the Hamiltonian constraint (19) for φ = 0.
Pre-classicality

Finding the pre-classical solution
In [20] it is argued that in loop quantum cosmology there always exists a "pre-classical" solution which is smooth at late times. To find this solution among the three-parameter family of the general solution, it is convenient to look at a different asymptotic limit than achieved in equation (24).
This limit may be found in [20] . But to keep our discussion self-contained we outline it here. The approximation is based on replacing the k's by their asymptotic value of 1 and by considering the matter contribution to the constraint equation as small and constant. Indeed, ( V n/2 − V n/2−1 ) 6 (V n/2 − V n/2−1 ) −1 goes as n −2 for n ≫ 1, so this approximation is valid on finite ranges of n, determined by the condition that n −2 does not change much on such a range. We define 2P := 2048ω which is much smaller than 1 for large n and use the index m = n/4 in the following.
Considering P as constant we obtain an asymptotic difference equation with constant coefficients instead of a differential equation,
conserving discreteness. An exponential ansatz t m = e imϑ leads to a quadratic equation for cos ϑ with the approximate solutions
From this we obtain 4 solutions, e ±imϑ 0 and e ±imϑ 1 , where ϑ 0 goes asymptotically to zero and ϑ 1 does not. In consequence, e ±imϑ 0 approximate a constant in a range of m which is much smaller than the wavelength of the main oscillation. On an arbitrary long range these solutions approximate a smooth solution of (24). This solution is called pre-classical. This analysis shows that the asymptotic behavior of the three linearly independent functions obtained from the three initial parameters is of the form
where
WDW is a real, p (respectively n)-dependent part of a solution of the asymptotic Wheeler-DeWitt equation. For any linearly independent triple of such functions there is obviously a unique, nontrivial linear combination in which the sine and cosine of ϑ 1 m cancel.
In the numerical solution extreme fine tuning of the initial values is necessary to find smooth solutions.
3 It is better to determine these values indirectly. With our set of 3 initial values we can produce a variety of solutions, whose average curves, as shown in figure 2 , are in arbitrary phase relations with one another. These smooth functions form the 2-dimensional space of solutions of the asymptotic differential equation (24).
To determine the pre-classical solution we evolve smooth initial data for sufficiently large values of n backwards to n = 0. For this purpose we may choose any set of 4 smooth data; every set gives rise to a solution of (24) in the asymptotic region. Back evolution yields fairly smooth functions back to a early domain in n. In this domain and earlier the functions begin to oscillate rapidly and, in general, they do not fulfill the consistency condition (18) for t 4 to t 16 and thus forš 0 toš 16 .
Constructing two linearly independent asymptotic solutions, we obtain a basis of solutions of the asymptotic Wheeler-DeWitt differential equation, from which it is possible to construct that linear combination, which fulfills the consistency condition. This combination yields the initial dataš 4 ,š 8 , anď s 12 , whose forward evolution, shown in figure 3 , is the pre-classical solution for the given values of γ and the field energy.
As a practical matter the essential uniqueness of the pre-classical solution has to be understood within a certain latitude. Late time solutions are very sensitive to small changes in the initial data for n = 4, 8, 12. For instance, the solution depicted in figure 3 is not the optimal one, although it appears sufficiently smooth in the figure. The solution arises as a linear combination 1, 1, 1 ) and (0.7, 0.8, 0.9, 1), respectively. In this domain of n these linearly combined initial data are a sufficiently good approximation to pre-classical wave functions (25), so that the resulting graphic looks perfectly smooth. By a slight modification, they could be adjusted to a smooth asymptotic solution of the form (25) in order to improve the pre-classicality of the resulting function.
One might hope that a symmetry principle might select the pre-classical wave function. For instance we might consider data which is symmetric or antisymmetric about the time of the classical singularity. As we see in the next section though, neither of these cases select a pre-classical solution.
Evolution through the classical singularity
The absence of singularities in loop quantum cosmology enables the wave function to evolve through the time of the classical singularity into a domain with negative values of n. Evolving the pre-classical wave function backwards reveals a further essential difference between the Euclidean and Lorentzian cases: When n approaches zero from the positive side, the amplitude of the wave function begins to increase. Beyond zero it continues growing and after large and rapid oscillations the wave function settles down to the superposition of the two oscillations, already familiar from figures 1 and 2. Note, however, that for negative n's the wavefunction has a very large amplitude compared to positive n's. For our values of γ and the field energy, the ratio between the amplitudes for negative and positive values of n is of the order of 10
18 . Naively, the wave function for negative and positive n suggests that there is vanishing probability of the pre-classical cosmology at positive n. Near the classical singularity, Lorentzian wave functions display large oscillations. The larger the energy of the scalar field, the longer is the "quantum regime" of these oscillations at positive n's and the later the pre-classical behavior sets in.
Wave packets and dynamics
So far, the functional dependence of the wave function on the field was assumed to be of the form exp(±i ω φ). The field being massless and spatially constant, φ is formally equivalent to a configuration variable of a particle with gravity acting as a one-dimensional potential. In this analogy the critical energy separates free states from bound ones (although we did not define a measure on n to give the wave functions a proper meaning of a probability amplitude at a certain value of φ).
To investigate wave packets in φ, made from superpositions of χ ω 's for different ω's, we use
with ω 0 ≫ ω crit and λ ≫ (ω 0 − ω crit ) −2 . The two conditions assure that the contribution from ω ≤ ω crit is negligible and no under critical wave functions are included.
The Wheeler -DeWitt equation being linear, we obtain in the continuous limit a superposition of functions (27) s(p, φ) = (2πλ 2 )
With normalization in φ with respect to the natural inner product
this leads to the following modulated Gauß function in φ
with a maximum at φ = ln p 2ω crit and a width 2 √ λ. Considering now p as time variable, we can calculate p-dependent expectation values of φ and the (kinetic) field energy. For φ
showing a growth during the expansion of the universe. This is an indication that in a more sophisticated model with an inherent notion of particles, like a massive or a spatially non-constant field, one could expect particle creation. The energy expectation value
shows a decreasing field energy per unit coordinate volume. Remembering the relation (1) between the discrete counterpart n of p and the scale factor a we find that the energy scales as V −1 . The energy density per physical volume goes therefore as V −2 . In the above interpretation, when the radius of the universe is considered as internal time, there is no problem with superpositions of expanding and contraction universes or universes going backwards in time, as it would be, when φ acted as time. So the choice of n or p seems to be much more natural and less problematic -the wave functions and expectation values of the matter field evolve with the scale factor.
Conclusions
Comparing the present Lorentzian with the Euclidean Hamiltonian constraint, one notices three similarities: (1) The asymptotic continuous wave function is of the same form. (2) There is the same minimal initial energy (up to quantum ambiguities in both cases [16] ) for dynamical evolution of the wave function. (3) The extension of the quantum regime between the classical singularity and the beginning of a smooth, pre-classical evolution increases with growing matter energy. Therefore the semiclassical limits of the wave functions coincide. This fact confirms that the difference between the two versions of the constraint is a quantum ambiguity of the spatially flat Friedmann model.
In the quantum regime, the models differ essentially from each other. The Euclidean wave function is small near the singularity, thus satisfying what one could call a "modified DeWitt initial condition". The original DeWitt condition ensures that the wave function in standard quantum cosmology stays away from the singularity. The Lorentzian wave function, on the other hand, although being equal to zero at the singular state, is large in the immediate vicinity of the classical singularity. In both cases it is possible to extend the principle series beyond the singularity to negative values of the discrete internal time n. In the Euclidean case there is only one solution (up to a normalizing factor), which is smooth and symmetric with respect to n. In the Lorentzian case the unique 4 smooth solution is embedded in a three-parameter family of Planck-scale varying solutions. Furthermore, pre-classicality is only one-sided, i.e. the wave function is pre-classical, at best, for n > 0 or n < 0.
Thus, if we assume that evolution from arbitrary negative to arbitrary positive values of the internal time is possible, we come to the following scenario. Whenever a pre-classical universe is to emerge from the considered model, it is preceded by a non-pre-classical "fuzzy" universe. The latter one contracts to a state of zero volume and bounces off the singularity. For very special initial conditions the wave function is reflected almost completely and a very small fraction, which will behave pre-classically, enters the domain of positive time. In other words, provided appropriately adjusted initial conditions, the singularity acts as a "filter", which keeps back all "fuzzy" impurities and transmits only the purely pre-classical wave function. From the large ratio of the amplitudes of the fuzzy and the smooth wave functions and from the fact that there is no pre-classical wave function at all unless the parameters are very fine tuned, it appears that a (pre-)classical universe is very unlikely to emerge from our model. However, our intuition on probabilities, transition and reflection does not have a reliable framework. To obtain a sound notion of probability and, perhaps, of unitary evolution, one needs a suitable inner product on the space of wave functions.
The absence of singularities and the possibility to evolve wave functions through a state with zero volume formally solves a problem of classical cosmology and "standard quantum cosmology", where the scale factor of the universe is considered as continuous. Nevertheless our model does not have a clear interpretation. In fact it raises much the same kind of questions as standard cosmology. These questions, however, are rephrased in the context of ILQC in a way which might prove productive.
Above all, there is the question of the beginning of the universe. Is a (pre-)classical, expanding universe preceded by a time-reversed, shrinking one? To discuss this question, one has to think about whether in an emphatically non-pre-classical evolution the interpretation of the parameter n as internal time makes sense. Does the internal time pass from large negative values of n towards zero, or should we "see" the beginning of the universe at the classical singularity? Do the positive and negative branches of the wave function describe two possible evolutions of the universe away from the initial zerovolume state? Does the huge ratio between the amplitudes of the non-preclassical and the pre-classical wave function indicate only a tiny probability for a pre-classical universe to be created?
The present model poses some interesting questions for ILQC. One shortcoming (shared with all homogeneous models) is that the massless, spatially constant scalar field cannot imply the notion of particles, so that it is insufficient for the description of cosmological particle production. Another is the issue of stability. It would be interesting to investigate whether these models would be stable under the inhomogeneous perturbations.
